Non-relativistic fields from arbitrary contracting backgrounds by Bergshoeff, Eric et al.
ar
X
iv
:1
51
2.
06
06
4v
1 
 [h
ep
-th
]  
18
 D
ec
 20
15
UG-15-84
Non-relativistic fields from arbitrary contracting backgrounds
Eric Bergshoeff 1, Jan Rosseel 2 and Thomas Zojer 1
1 Van Swinderen Institute for Particle Physics and Gravity, University of Groningen,
Nijenborgh 4, 9747 AG Groningen, The Netherlands
e.a.bergshoeff@rug.nl, t.zojer@rug.nl
2 Albert Einstein Center for Fundamental Physics, University of Bern,
Sidlerstrasse 5, 3012 Bern, Switzerland
rosseel@itp.unibe.ch
ABSTRACT
We discuss a non-relativistic contraction of massive and massless field theories minimally
coupled to gravity. Using the non-relativistic limiting procedure introduced in our previous
work, we (re-)derive non-relativistic field theories of massive and massless spins 0 to 3/2
coupled to torsionless Newton-Cartan backgrounds. We elucidate the relativistic origin of
the Newton-Cartan central charge gauge field mµ and explain its relation to particle number
conservation.
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1 Introduction
Recent years have witnessed an increased appreciation for formulations of non-relativistic
field theories in arbitrary space-time backgrounds and coordinate frames. Coupling non-
relativistic field theories to arbitrary backgrounds has practical benefits, such as enabling
one to easily define conserved currents like the energy-momentum tensor and to study linear
response. Furthermore, diffeomorphism invariance and background independence are also
useful tools in studying strongly coupled condensed matter systems, for which a perturbative
expansion in powers of a small coupling constant is not at hand. One then often resorts
to an effective field theory approach or to holographic methods. In the former case, one
writes hydrodynamical equations or effective Lagrangians in an expansion that is organized
in number of derivatives. Requiring invariance under general coordinate transformations and
local space-time symmetries that are present in arbitrary backgrounds is then of great use in
restricting the number of possible terms. Such effective field theory methods have been used in
the description of e.g. the unitary Fermi gas [1] or the quantum Hall effect [2–6]. A holographic
approach on the other hand, rephrases the calculation of e.g. partition functions as a boundary
value problem for a dual gravitational theory in a space-time with non-relativistic boundary
and isometry group [7–10]. Introducing arbitrary non-relativistic geometric boundary data
is then important as these are interpreted as sources for e.g. the energy-momentum tensor of
the strongly coupled field theory under study (see e.g. [11–15] for a discussion in the context
of Lifshitz holography).
In the above mentioned applications and approaches, it is important to understand how
a field theory can be consistently coupled to an arbitrary non-relativistic background. This
is the problem we will be concerned with in this paper. For relativistic field theories, a well-
known way of introducing background independence and diffeomorphism invariance is given
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by using minimal coupling, i.e. replacing the Minkowski metric by an arbitrary Lorentzian
metric. Here, we will be concerned with a similar procedure of minimal coupling for non-
relativistic theories and we will show that this can be obtained as a limit from a particular
relativistic minimal coupling procedure.
Before doing this, one has to address what the non-relativistic analog of Lorentzian ge-
ometry is to which one wishes to couple the field theory. As has been argued in both the
condensed matter and applied holography literature, the correct geometric framework is the
one offered by Newton-Cartan geometry, with or without torsion. Newton-Cartan geometry
refers to a differential-geometric framework for Newtonian space-times that can be used to
recast Newtonian gravity in a manner that resembles General Relativity. Originally devised
in a metric-like formulation, Newton-Cartan geometry in the absence and presence of torsion
has recently been rewritten using vielbeins [16–18] by gauging the Bargmann algebra, i.e. the
central extension of the Galilei algebra of non-relativistic space-time symmetries. Apart from
a time-like vielbein τµ and a space-like vielbein eµ
a, one also needs to include a one-form mµ.
The latter can be interpreted as a gauge field for the central charge of the Bargmann algebra
that is related to particle number conservation. As in the relativistic case, a vielbein formu-
lation of the background geometry is essential to consider for instance couplings to fermion
fields, due to the manifest presence of local spatial rotations and Galilean boosts. For this
reason, it will also be our preferred choice for studying minimally coupled non-relativistic
field theories.
In [19], it was shown how the vielbein formulation of torsionless Newton-Cartan geometry
arises from deforming an arbitrary relativistic background to a Newton-Cartan one using a
procedure that mimics the Ino¨nu¨-Wigner contraction of the Poincare´ algebra to the Bargmann
algebra. In this “background contraction”, one starts from a relativistic background, that
is not only given by the gravitational field (the vielbein Eµ
A), but that also includes a
U(1) gauge field Mµ. The inclusion of the latter is motivated by the fact that the contraction
from {EµA,Mµ} to the Newton-Cartan background {τµ, eµa,mµ} then conveniently preserves
the number of field components. In a first step, the contraction consists of redefining the
fields Eµ
A, Mµ in terms of the eventual Newton-Cartan ones τµ, eµ
a, mµ and a contraction
parameter ω. This contraction parameter is then taken to infinity in a second step. In
order for this limit to make sense, the gauge field Mµ is constrained to be a flat connection,
guaranteeing that all necessary background geometric quantities, such as the spin connection,
have a well-defined ω → ∞ limit. Using this background contraction, one can then derive
the kinematics of Newton-Cartan gravity from that of General Relativity and similar results
for three-dimensional Newton-Cartan supergravity, as was shown in [19].
In this paper, we will argue that this procedure can be easily extended to obtain non-
relativistic field theories that are minimally coupled to arbitrary torsionless Newton-Cartan
backgrounds from minimally coupled relativistic field theories. We will do this starting from
Lagrangians for relativistic theories that describe massive and massless free fields with spins
ranging from 0 up to 3/2. We will then show that the ω-dependent redefinitions of the
background fields mentioned above, can be supplemented with similar redefinitions of the
dynamical fields in such a way that the Lagrangians have a well-defined ω → ∞ limit after
performing all field redefinitions. Applying this limit then leads to non-relativistic theories
minimally coupled to arbitrary torsionless Newton-Cartan backgrounds.
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The background gauge field Mµ will play a particular role in this paper when discussing
massive fields. Indeed, since massive non-relativistic fields typically obey a Schro¨dinger-
like equation, they are complex. In order to obtain such theories, we will also start from
Lagrangians for complex relativistic fields, that thus feature a U(1) invariance, whose associ-
ated Noether current expresses conservation of the number of particles minus the number of
antiparticles. We will then include two types of minimal couplings in these Lagrangians. On
the one hand, we will introduce the usual gravitational minimal couplings, by replacing the
Minkowski metric by an arbitrary Lorentzian one. On the other hand, we will also gauge the
U(1) symmetry, by introducing minimal couplings to the background gauge field Mµ
1. We
will then show that the latter couplings make it possible to suitably extend the background
contraction to theories with dynamical massive fields. For massless fields, we will see that
there is no need to require a U(1) symmetry and associated minimal couplings to Mµ in
order to be able to extend the background contraction. One can thus start from relativistic
Lagrangians for real massless fields, that only contain gravitational minimal couplings.
Other approaches to define the non-relativistic limit of arbitrary relativistic backgrounds
have been considered in the literature. Some work on Newton-Cartan geometry in the met-
ric formulation as the non-relativistic limit of General Relativity can be found in [21–24].
Regarding field theories coupled to Newton-Cartan geometry, most of the literature so far
has focused on massive spin-0 and spin-1/2 fields and here we also provide results for fields
of spin-1 and spin-3/2 and for massless fields. Of the recent literature, we mention in par-
ticular the work [25–27]. The present work differs from [27] in the introduction of the flat
connection Mµ in the relativistic starting point. A similar relativistic background gauge field
is introduced in the work of [25,26]. The limit discussed here differs however from [25,26] in
the redefinitions we perform on the background vielbein and Mµ before taking the ω → ∞
limit. Further differences stem from the fact that here we restrict ourselves to torsionless
Newton-Cartan geometry.
The outline of this paper is as follows. In section 2 we review the background contraction
of [19]. In section 3 we show how this procedure can be extended to obtain non-relativistic
field theories in arbitrary torsionless Newton-Cartan backgrounds from suitably minimally
coupled relativistic theories. The case of massless fields is explained in section 4. We end
with conclusions and an outlook on further research in section 5.
2 Contracting relativistic backgrounds
In [19], it was explained how a torsionless Newton-Cartan background can be obtained from a
relativistic one, via a procedure that mimics the Ino¨nu¨-Wigner contraction from the Poincare´
to the Bargmann algebra. This “background contraction” can thus be viewed as the non-
relativistic limit of a relativistic background, in the same way as the Bargmann algebra can
be regarded as the non-relativistic limit of the Poincare´ algebra. Here, we will give a brief
review of this procedure, emphasizing the points that are relevant for this paper. We refer
1A similar procedure of using minimal couplings to a flat background gauge field to obtain a well-defined
non-relativistic limit has already appeared in the context of non-relativistic particle and string actions in flat
space-times in [20].
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to [19] for further details, as well as applications to Newton-Cartan (super)gravity. Here and
in the following, we will use uppercase Latin indices A, B to denote relativistic flat indices.
When making a time-space split, we will reserve 0 for the time-like index and we will use
lowercase Latin indices a, b for the spatial directions.
The relativistic background one starts from is specified by two fields: the vielbein Eµ
A,
that represents the gravitational background, as well as a U(1) gauge field Mµ. As explained
in [19], the inclusion of the latter is motivated by the Ino¨nu¨-Wigner contraction used to derive
the Bargmann algebra. This contraction is most conveniently performed on the direct sum
of the Poincare´ algebra with an extra abelian generator and mimicking this leads one to also
include an extra U(1) gauge field in the background. Importantly, the fieldMµ is constrained
to be curl-free, i.e. a flat connection:
∂[µMν] = 0 . (1)
Imposing this constraint ensures that no extra degrees of freedom are introduced in the
background, apart from the gravitational ones. Furthermore, this constraint also ensures
that background geometric quantities are well-defined under the contraction procedure.
Starting from Eµ
A and Mµ the background contraction is then performed as follows.
One first introduces fields τµ, eµ
a and mµ via the following field redefinitions, that involve a
contraction parameter ω:
Eµ
0 = ω τµ +
1
2ω
mµ , Mµ = ω τµ − 1
2ω
mµ , Eµ
a = eµ
a . (2)
The fields τµ, eµ
a and mµ correspond to the time-like vielbein, spatial vielbein and central
charge gauge field of the Newton-Cartan background that will result from the contraction.
The inverse vielbein EµA can then be expressed as an infinite series in ω. Up to the order
that is needed, this expansion is given by
Eµ0 =
1
ω
τµ − 1
2ω3
τµτρmρ +O
(
ω−5
)
, Eµa = e
µ
a − 1
2ω2
τµeρamρ +O
(
ω−4
)
, (3)
where we have introduced fields τµ, eµa, that will correspond to inverse Newton-Cartan
vielbeine, obeying
τµτµ = 1 , τ
µeµ
a = 0 , eµaτµ = 0 ,
eµ
aeνa = δ
ν
µ − τντµ , eµaeµb = δba .
(4)
Applying the redefinitions (2) to the determinant E of the vielbein Eµ
A leads to
E = det(Eµ
A) = ω det (τµ, eµ
a) +
1
2ω
det (mµ, eµ
a) . (5)
In the following, only the term involving det (τµ, eµ
a) will be relevant. With slight abuse of
notation, we will denote this determinant by e:
e ≡ det (τµ, eµa) . (6)
Note that e represents an appropriate volume element that transforms as a density under
general coordinate transformations (and is invariant under the local Galilean boosts, spatial
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rotations and central charge transformations of (8)). We also note that one can introduce
an affine connection and appropriate vielbein postulates for τµ and eµ
a [16]. Using these,
one can show that the volume element (6) allows one to partially integrate similarly as in
Einstein-Hilbert gravity.
The redefinitions (2), consequences (3) and the constraint (1) can be used in the usual
expression for the relativistic spin connection Ωµ
AB(E) in terms of the vielbein Eµ
A, to obtain
an expansion in ω
Ωµ
ab(E) = ωµ
ab(e, τ,m) +O (ω−2) , Ωµ0a(E) = 1
ω
ωµ
a(e, τ,m) +O (ω−3) . (7)
The expressions ωµ
ab(e, τ,m), ωµ
a(e, τ,m) that appear in the leading order terms coincide
with those for the dependent spin connections of spatial rotations and Galilean boosts in
torsionless Newton-Cartan geometry [16,17,19].
The contraction procedure on a quantity containing relativistic background geometry
fields is then effectuated by expressing everything in terms of τµ, eµ
a, mµ, using the above
redefinitions and their consequences and taking the limit ω → ∞. The contraction can
also be applied to the symmetries under which Eµ
A and Mµ transform. These are given by
diffeomorphisms, local Lorentz rotations and the U(1) transformation ofMµ. The contraction
leaves one with diffeomorphisms (with parameter ξµ), local spatial rotations (with parameter
λab), local Galilean boosts (with parameter λa) and a local central charge transformation
(with parameter σ). Under these symmetries, the Newton-Cartan fields obey the following
transformation rules
δτµ = ξ
ν∂ντµ + ∂µξ
ντν ,
δeµ
a = ξν∂νeµ
a + ∂µξ
νeν
a + λabeµ
b + λaτµ ,
δmµ = ξ
ν∂νmµ + ∂µξ
νmν + ∂µσ + λ
aeµ a . (8)
It will in the following sometimes be interesting to restrict an arbitrary background to a flat
one, defined by the following values for the Newton-Cartan background fields
τµ = δ
t
µ , et
a = 0, ei
a = δai , mµ = 0 . (9)
The subset of the symmetries (8) that leaves these flat background values invariant can be
found by solving the following non-relativistic Killing equations
∂µξ
t = 0 , ∂tξ
i + λi = 0 ,
∂iξ
j + λji = 0 , ∂tσ = 0 , ∂iσ + λi = 0 .
(10)
The solution to these equations is given by
ξt(xµ) = ζ , ξi(xµ) = ξi − λi t− λij xj , σ(xµ) = σ − λi xi , (11)
where the parameters ζ, ξi, λi, λij, σ are now constants. These correspond to the usual
time translation, spatial translations, Galilean boosts, spatial rotations and central charge
transformation of the rigid Bargmann algebra.
Using this background contraction, it was shown in [19] that the kinematics of Newton-
Cartan (super)gravity can be derived from the kinematics of relativistic (super)gravity. In
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the following two sections, we will extend this result to Lagrangians for massive and massless
dynamical fields of spin-0 up to spin-3/2 in arbitrary backgrounds. We will in particular show
that starting from a relativistic Lagrangian that includes appropriate minimal couplings to
Eµ
A and Mµ, the above redefinitions (2) can be extended with similar redefinitions for the
dynamical fields in such a way that the ω →∞ limit is well-defined and leads to Lagrangians
that are coupled to an arbitrary Newton-Cartan background.
3 Massive fields
In this section, we will discuss the coupling of massive fields with spins 0 to 3/2 to an
arbitrary torsionless Newton-Cartan background and how these results are obtained from
minimally coupled massive relativistic field theories. As discussed in [28–30], non-trivial
massive representations of the Galilei group are not true but rather ray representations.
They correspond to true representations of the Bargmann algebra with non-trivial central
charge transformations and are thus associated to complex fields, that acquire non-trivial
phase factors under the action of the central charge. When considered in a flat background
such fields typically obey Schro¨dinger-like equations. The ray character of the representation
or the effect of the central charge can then be seen from the fact that the field transforms
with a non-trivial phase factor under rigid Galilean boosts.
In an arbitrary curved background, the rigid space-time transformations of the Galilei
group are replaced by local diffeomorphisms, local spatial rotations and local Galilean boosts.
The fact that massive fields correspond to true representations of the Bargmann algebra
instead of the Galilei algebra suggests that the central charge phase transformations also
become local. Indeed, the description of Newton-Cartan geometry contains the field mµ
whose role is precisely to gauge the central charge. A consistent coupling of a field to an
arbitrary Newton-Cartan background can therefore be expected to include couplings to mµ,
apart from couplings to the background vielbeine τµ, eµ
a.
In order to obtain such central charge gauge couplings, we will start from relativistic
Lagrangians for complex fields. These are invariant under a U(1) symmetry whose associ-
ated Noether current describes conservation of the number of particles minus the number
of antiparticles. We will then introduce minimal couplings of two different types. On the
one hand, we minimally couple the Lagrangians to an arbitrary gravitational background by
replacing the Minkowski metric by a generic Lorentzian one. On the other hand, we will also
minimally couple them to the background gauge field Mµ thus gauging the U(1) symmetry.
Introducing the latter couplings will enable us to apply the background contraction (suit-
ably extended with ω-dependent redefinitions of the dynamical fields) to these systems in a
well-defined way. Indeed, we will see that the mass terms typically diverge in the ω → ∞
limit and it turns out that these divergences can be cancelled against similar divergences
stemming from the couplings to Mµ. Moreover, the minimal couplings to Mµ will also lead
to the required couplings to mµ in the resulting non-relativistic theories. Since the central
charge phase transformation, that is gauged bymµ is related to particle number conservation,
one sees that the background contraction has the effect of suppressing either antiparticles or
particles.
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In the following, we will illustrate this procedure for massive free fields of spin-0 up to
spin-3/2. In each case, we will give the resulting non-relativistic theories in an arbitrary
background and for the bosonic fields we discuss the restriction to flat backgrounds as well.
3.1 Spin-0
As explained above, we start from a Lagrangian for a relativistic complex scalar Φ, minimally
coupled to an arbitrary gravitational background and the extra U(1) gauge field Mµ:
E−1 Lrel = −1
2
gµν DµΦ
∗DνΦ− M
2
2
|Φ|2 , (12)
where the covariant derivative is given by
DµΦ = ∂µΦ− iMMµΦ . (13)
Apart from invariance under diffeomorphisms, the above Lagrangian is thus also invariant
under a local U(1) symmetry given by the transformation rule
δΦ = iM ΛΦ . (14)
Note that the current associated to this local U(1) symmetry is given by
jµrel = E
−1 δLrel
δMµ
=
M
2i
(
Φ∗DµΦ− ΦDµΦ∗
)
. (15)
This current is thus proportional to the usual current that expresses conservation of the
number of particles minus the number of antiparticles. Often, this current is identified with
an electromagnetic one. Here however, we do not wish to make this identification since we
can not assume that Mµ is an electromagnetic field. Indeed, as stressed above, in order to
have a well-defined limit for the spin connection of the background geometry, we have to
impose that Mµ is curl-free and hence a flat connection. It is possible to introduce a coupling
to electromagnetism, but then an additional electromagnetic gauge field Aµ and minimal
coupling to Φ has to be introduced in (12). We will not do this here. We will however
consider an example of how this is done in the next subsection, discussing the spin-1/2 case.
Using the redefinitions and expansions of section 2 in (12) and rescaling the mass param-
eter M as
M = ωm , (16)
one can check that the ω →∞ limit is well-defined and leads to the following Lagrangian2 3
e−1Lnon−rel = m
[ i
2
(
Φ∗D˜0Φ− ΦD˜0Φ∗
)
− 1
2m
∣∣D˜aΦ
∣∣2 ] , (17)
2We have ignored an overall factor of ω coming from the redefinition of E = ω e+O(ω−1). This factor is
irrelevant as it amounts to an overall rescaling of the Lagrangian and can be absorbed in a simple rescaling of
the field with a factor of
√
ω. Here, and in the following, we will for simplicity ignore this factor.
3Here, and in the following, we have turned curved indices into flat indices using the inverse Newton-Cartan
vielbeine. Thus D˜0, D˜a are shorthand for τ
µ
D˜µ, e
µ
aD˜µ. Spatial flat indices are raised and lowered with a
Kronecker delta.
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where we have used
D˜µΦ = ∂µΦ+ immµΦ . (18)
This Lagrangian is easily recognized as the Lagrangian for a Schro¨dinger field coupled to an
arbitrary Newton-Cartan background. As such, it is invariant under diffeomorphisms (with
parameter ξµ) and the local U(1) central charge transformation of the Bargmann algebra
(with parameter σ), under which Φ transforms as
δΦ = ξµ∂µΦ− imσΦ . (19)
One can then define the current associated to the central charge transformation by
jµnon−rel = −
e−1
m2
δLnon−rel
δmµ
= τµ |Φ|2 + eµa 1
2mi
(
Φ∗D˜aΦ− ΦD˜aΦ∗
)
. (20)
When choosing a flat background, this corresponds to the usual current of particle number or
mass conservation. So, even though in our relativistic starting point we gauged the symmetry
associated to conservation of the number of particles minus the number of antiparticles, non-
relativistically we end up with only particle number conservation. We thus explicitly see
that, as expected for a non-relativistic limit, our procedure has suppressed either particles or
antiparticles.
It is also instructive to look at the action on Φ of the symmetries that are left when a
flat background is chosen. As explained in the previous section, the transformation rules (19)
then reduce to
δΦ =
(
ζ ∂t + ξ
i∂i − λi t ∂i − xjλij ∂i − imσ + imλixi
)
Φ . (21)
In particular, the last term in this transformation rule corresponds to the phase factor ac-
quired by a Schro¨dinger field under rigid Galilean boosts, that is necessary to show Galilei in-
variance of the flat space Schro¨dinger equation that is obeyed by Φ. Note that this Schro¨dinger
equation is also invariant under an extra dilatation and special conformal transformation, that
extend the symmetries of the Bargmann algebra denoted in (21) to the ones of the Schro¨dinger
algebra. So, even though we started from a relativistic theory with no conformal invariance,
the resulting non-relativistic theory is symmetric under Schro¨dinger symmetries.
3.2 Spin-1/2
Here, and also in other fermionic cases described in this paper, we will for convenience work in
four space-time dimensions. The non-relativistic spin-1/2 case can then be discussed starting
from the Lagrangian for a massive relativistic spinor Ψ minimally coupled to the U(1) gauge
field Mµ and an arbitrary gravitational background:
E−1Lrel = Ψ¯ /DΨ−M Ψ¯Ψ + h.c. , (22)
where the covariant derivative is given by
DµΨ = ∂µΨ− 1
4
Ωµ
ABγABΨ+ iMMµΨ . (23)
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When we take the limit it is convenient to work with projected spinors Ψ± that transform
nicely under the Galilean boosts as given in eq. (28). To be precise, we define these projected
spinors in terms of the original spinor as follows:
Ψ± =
1
2
(
± i γ0
)
Ψ , Ψ¯± = Ψ¯
1
2
(
± i γ0
)
. (24)
The background contraction of section 2 is then extended by redefining these projected spinors
as follows:
Ψ+ =
√
ω ψ+ , Ψ− =
1√
ω
ψ− . (25)
Using these redefinitions, along with the ones of section 2 and M = ωm, one finds that the
action (22) upon taking the ω →∞ limit reduces to
e−1Lnon−rel = ψ¯+γ0D˜0ψ+ + ψ¯+γaD˜aψ− + ψ¯−γaD˜aψ+ − 2mψ¯−ψ− + h.c. , (26)
where we have used the covariant derivatives
D˜µψ+ = ∂µψ+ − 1
4
ωµ
abγabψ+ − immµ ψ+ ,
D˜µψ− = ∂µψ− − 1
4
ωµ
abγabψ− +
1
2
ωµ
aγa0ψ+ − immµ ψ− .
(27)
The invariance of the Lagrangian (26) under Galilean boosts is not manifest but can be
checked by using the transformation rules
δψ+ =
1
4
λabγabψ+ + imσψ+ ,
δψ− =
1
4
λabγabψ− − 1
2
λaγa0ψ+ + imσψ− ,
(28)
that are easily found by applying all field redefinitions and taking the limit ω →∞.
As mentioned above, the gauge fieldMµ is not an electromagnetic one. It is however useful
to consider a spinor that is charged under an additional electromagnetic U(1). This extra
U(1), with corresponding gauge field Aµ and charge q, should be distinguished from the central
charge U(1), with gauge fieldMµ and chargeM (the mass parameter of the relativistic spinor).
The above contraction procedure can be extended to include this relativistic electromagnetic
coupling, where there is no need to redefine Aµ with an ω-dependent scale factor. The
equations of motion of the resulting non-relativistic field theory are given by the curved
space generalization of the so-called Le´vy-Leblond equations [30]
γ0
(
D˜0 + i q τ
µAµ
)
ψ+ + γ
a
(
D˜a + i q e
µ
aAµ
)
ψ− = 0 ,
γa
(
D˜a + i q e
µ
aAµ
)
ψ+ − 2mψ− = 0 .
(29)
The second equation can be used to solve for the auxiliary spinor ψ− and eliminate it from the
Lagrangian (26). Substituting the solution for ψ− back into the first equation we obtain the
curved space generalization of the Schro¨dinger-Pauli equation, including an electromagnetic
coupling:
[
γ0
(
D˜0 + i q A0
)
+
1
2m
(
D˜a + i q Aa
)2
+
i q
2m
γab
(
D˜aAb
)]
ψ+ = 0 . (30)
The D˜a in the last term of this equation acts only on Ab and in flat space the Lande´ factor
of the electron can be read off from this term.
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3.3 Spin-1
In order to obtain non-relativistic field equations for a massive spin-1 field in an arbitrary
background, we start from a relativistic theory for a complex Proca field Aµ, minimally
coupled to gravity and the background gauge field Mµ
E−1Lrel = −1
4
gµρgνσF ∗µνFρσ −
1
2
M2 gµνA∗µAν , (31)
with
Fµν = 2D[µAν] = 2 ∂[µAν] − 2 iMM[µAν] . (32)
Apart from diffeomorphism invariance, this Lagrangian is also invariant under a U(1) sym-
metry
δAµ = iM ΛAµ , (33)
whose physical interpretation is as before. Applying the redefinitions of section 2 and rescaling
M = ωm, one finds again that the limit ω →∞ is well-defined. The resulting non-relativistic
Lagrangian is given by
e−1Lnon−rel = −1
4
F˜ ∗abF˜
ab − 1
2
imA∗aF˜a0 +
1
2
imAa F˜
∗
a0 +
1
2
m2
∣∣A0
∣∣2 , (34)
where now
F˜µν = 2 D˜[µAν] = 2 ∂[µAν] + 2imm[µAν] . (35)
As before, this Lagrangian is invariant under diffeomorphisms as well as under a U(1) central
charge transformation given by
δAµ = imσAµ . (36)
The physical content of this Lagrangian is most easily seen by restricting to a flat background
and examining the resulting equations of motion. These are given by
i ∂iAi −mA0 = 0 ,
im∂iA0 − 2 im∂tAi − ∂jFji = 0 .
(37)
Applying ∂i on the second equation of these and using the first equation to rewrite the ensuing
∂t∂
iAi term as a ∂tA0 term, one finds a Schro¨dinger equation for A0. Similarly, the last term
of the second equation contains a ∂i∂
jAj term that can be rewritten as a ∂iA0 term using
the first equation. One then finds that the second equation reduces to three Schro¨dinger
equations for each component of Ai. In the flat background, the diffeomorphisms and U(1)
central charge symmetry of the non-relativistic theory reduce to the following transformation
rules:
δA0 =
(
ζ∂t + ξ
i∂i − t λi∂i − xjλij ∂i + imλixi − imσ
)
A0 − λiAi ,
δAi =
(
ζ∂t + ξ
j∂j − t λj∂j − xkλjk ∂j + imλjxj − imσ
)
Ai + λi
jAj .
(38)
Note that, apart from the usual transformations expected of Schro¨dinger fields, there is also
a non-trivial boost under which A0 transforms to Ai. Furthermore Ai transforms as a vector
under spatial rotations.
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3.4 Spin-3/2
Finally, let us consider the action of a massive spin-3/2 field in four dimensions, minimally
coupled to Mµ and a gravitational background:
E−1Lrel = Ψ¯µ γµνρDνΨρ −M Ψ¯µ γµνΨν + h.c. (39)
We have defined the covariant derivative of a vector-spinor as
DµΨν = ∂µΨν − 1
4
Ωµ
ABγABΨν − iMMµΨν , (40)
in line with its transformation properties under local Lorentz and U(1) transformations:
δΨµ =
1
4
ΛABγABΨµ + iM ΛΨµ . (41)
Note that (40) entails the coupling of the relativistic spinor to the gauge field Mµ in the
same way as shown in all previous cases. The non-relativistic result is then obtained by using
the redefinitions of the background fields given in section 2, the same projections of Ψµ onto
spinors Ψµ± as in (24) and the same ω-dependent redefinition to spinors ψµ± as in (25). After
sending ω →∞ we obtain the following non-relativistic action for ψµ±:
e−1LNR = eµaeνbeρc
(
ψ¯µ+γ
abcD˜νψρ− + ψ¯µ−γ
abcD˜νψρ+
)
+ 3 τ [µeνae
ρ]
b ψ¯µ+γ
ab0D˜νψρ+
− 2m (eµaeνb ψ¯µ−γabψν− − 2 τ [µeν]a ψ¯µ−γa0ψν+
)
+ h.c. ,
(42)
where we have used
D˜µψν+ = ∂µψν+ − 1
4
ωµ
abγabψν+ + immµ ψν+ ,
D˜µψν− = ∂µψν− − 1
4
ωµ
abγabψν− +
1
2
ωµ
aγa0ψν+ + immµ ψν− .
(43)
One can check by explicit calculation that the Lagrangian (42) is invariant under Galilean
boosts and other symmetries are manifest. The transformation rules of the non-relativistic
spinors are given by
δψµ+ =
1
4
λabγabψµ+ − imσ ψµ+ ,
δψµ− =
1
4
λabγabψµ− − 1
2
λaγa0ψµ+ − imσ ψµ− .
(44)
This concludes our discussion of the non-relativistic limit of massive fields.
4 Massless fields
In this section, we will discuss how the background contraction, extended to include dynamical
fields, also leads to Lagrangians for massless fields in arbitrary Newton-Cartan backgrounds
without torsion. As mentioned in [29], massless representations that correspond to true (in-
stead of ray) representations of the Galilei group exist. Viewed as representations of the
Bargmann algebra, they thus do not transform non-trivially under the central charge. Mass-
less non-relativistic fields can therefore be real. Furthermore, when coupled to an arbitrary
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background, no non-trivial couplings to the central charge gauge field mµ are expected to ap-
pear. Consequently, one can obtain such field theories starting from relativistic Lagrangians
for real fields, that cannot be coupled to Mµ and that thus only involve couplings to the
gravitational background. In this respect it is useful to recall that in the massive case, the
couplings to Mµ were necessary to cancel the diverging mass terms in the ω → ∞ limit. In
the absence of any mass term, the ω →∞ is thus well-defined without the need for additional
minimal couplings to Mµ.
Here, we will extend the background contraction to Lagrangians that describe single real
massless fields of spins 0 up to 3/2. This leads to simple non-relativistic field theories, where
the fields transform trivially under Galilean boosts. It is interesting to consider slightly
more involved cases, where non-trivial boost behavior for the fields is retained. This is in
particular possible in the spin-1/2, spin-1 and spin-3/2 cases and we will comment on this in
the following.
4.1 Spin-0
Starting from the Lagrangian for a real, massless, relativistic scalar field
E−1Lrel = −1
2
gµν∂µΦ ∂νΦ , (45)
and applying the redefinitions of section 2, one finds that the ω → ∞ limit is well-defined
and leads to the following non-relativistic Lagrangian
e−1Lnon−rel = −1
2
∂aΦ ∂
aΦ . (46)
One is thus led to a field obeying a simple Poisson equation, which is the unique Galilean
covariant field equation one can write down for a real scalar field involving up to two deriva-
tives.
Note that one could also take the m → 0 limit in the Lagrangian (17) for a massive
Schro¨dinger field. This limit leads to a Poisson equation for a complex field, or equivalently
for two real fields. Another way of getting the result (46) from (17) is obtained by noting
that one can gauge fix the central charge transformation by requiring Φ to be real. Indeed,
writing the complex field Φ in a polar decomposition
Φ = eiφ|Φ| , (47)
one sees that the central charge symmetry acts as a Stu¨ckelberg shift symmetry on φ and can
therefore be fixed by putting φ = 0. Doing this in (17) then leads to the above Lagrangian
for a massless real field.
4.2 Spin-1/2
The simplest possibility to obtain a non-relativistic spin-1/2 field coupled to an arbitrary
background is to start from a real (i.e. Majorana), massless, relativistic spin-1/2 field with
Lagrangian
E−1Lrel = Ψ¯ /DΨ , (48)
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where the covariant derivative contains the spin connection of the relativistic background
DµΨ = ∂µΨ− 1
4
Ωµ
ABγABΨ . (49)
This Lagrangian has a well-defined ω →∞ limit, given by
e−1Lnon−rel = Ψ¯ γaD˜aΨ , (50)
where the covariant derivative contains the Newton-Cartan spin connection of spatial rota-
tions
D˜µΨ = ∂µΨ− 1
4
ωµ
abγabΨ , (51)
since the non-relativistic Ψ field only transforms under spatial rotations and no longer under
boosts.
It is also possible to obtain a Lagrangian for a non-relativistic massless spin-1/2 field, that
transforms non-trivially under Galilean boosts by simply taking the m→ 0 limit of eqs. (26)–
(30). Note that in this case, one works with a Dirac spinor. The relativistic starting point
is thus U(1) invariant, but we do not gauge this U(1) invariance using the background gauge
field Mµ. Introducing Mµ-couplings would lead to terms that diverge in the ω → ∞ limit.
Working with a Dirac spinor however has the advantage that one can introduce non-trivial
boost transformations via the projections (24) and rescalings (25).
4.3 Spin-1
The background contraction procedure allows one to easily obtain a non-relativistic theory
for a vector field coupled to an arbitrary non-relativistic background, starting from the La-
grangian of a real, massless, relativistic vector field
E−1Lrel = −1
4
gµρgνσFµνFρσ , (52)
where Fµν is the usual Maxwell field strength. Simply contracting the background according
to the redefinitions of section 2 and not rescaling the vector field itself, leads to the following
non-relativistic Lagrangian
e−1Lnon−rel = −1
4
FabF
ab . (53)
Note that this Lagrangian only contains the spatial part Aa of the vector field Aµ and not the
electric potential A0. By taking the m→ 0 limit of (34) and (35), one obtains a Lagrangian
of the form of (53) for a complex vector field, or equivalently for two real vector fields.
One can, however, obtain a non-relativistic Lagrangian that contains the electric potential
A0 as well, by starting from a relativistic Maxwell field and a massless scalar
4
E−1Lrel = −1
4
gµρgνσFµνFρσ − 1
2
gµν∂µρ ∂νρ . (54)
Introducing redefined fields as
A = Eµ0Aµ − ρ , B = Eµ0Aµ + ρ , (55)
4The motivation for this particular combination stems from considerations in supersymmetric theories,
i.e. non-relativistic limits of N = 2 vector supermultiplets, see e.g. [31], and their corresponding actions.
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one can apply the background redefinitions of section 2, supplemented with the rescalings
A =
1
ω
A˜ , B = ω B˜ , (56)
to obtain the following non-relativistic Lagrangian in the ω →∞ limit
e−1Lnon−rel = 1
8
∂0B˜ ∂0B˜ +
1
2
D˜aA˜ ∂
aB˜ − 1
4
FabF
ab − 1
2
D˜aAa ∂0B˜ , (57)
where the following derivatives were used
D˜µA˜ = ∂µA˜+ ωµ
aAa ,
D˜µAa = ∂µAa − ωµabAb + 1
2
ωµ
aB˜ . (58)
Note that contrary to the massive spin-1 case, here we do not consider a vector field Aµ
with curved space-time indices as the fundamental variables. Rather, we work with a spatial
vector Aa with spatial flat indices and two extra fields A˜, B˜. As a consequence, these fields
transform non-trivially under local spatial rotations and Galilean boosts, while they transform
as scalars under general coordinate transformations. The transformation rules under local
spatial rotations and Galilean boosts can be derived using e.g. (55) and (56) following the
procedure of section 2 and [19] and are given by
δA˜ = −λaAa , δB˜ = 0
δAa = λa
bAb − 1
2
λaB˜ . (59)
It is with respect to these transformations that the above derivatives (58) are defined. The
above Lagrangian is also invariant under the U(1) gauge transformation
δA˜ = τµ∂µΛ , δAa = e
µ
a∂µΛ . (60)
This invariance is not manifest for the Lagrangian (57). By twice partially integrating the
last term of this Lagrangian, one can however easily rewrite it in terms of the gauge invariant
quantities
D˜[aAb] , D˜aA˜− D˜0Aa . (61)
Note that in performing these two partial integrations, one has to commute D˜0 and D˜a
derivatives. The commutator contributions [D˜0, D˜a]A
a that one thus picks up are however
vanishing upon using the background equations of motion.
To get a better physical understanding of the Lagrangian (57), we consider the equations
of motion when restricted to a flat background
∂i∂iB˜ = 0 ,
∂i∂tB˜ + ∂
jFji = 0 ,
∂t∂tB˜ − 2 ∂i∂iA˜+ 2 ∂t∂iAi = 0 .
(62)
One can consistently put B˜ to zero, as it amounts to a scalar field that is inert under gauge
transformations. The remaining equations for A˜ and Ai then coincide with the equations of
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Galilean Electromagnetism in the magnetic limit [32,33], where A˜ plays the role of the electric
potential. As was shown in [33,34], this theory is not only invariant under the Galilei group,
but also under the Galilean conformal group. The latter is the conformal extension of the
Galilei group that is obtained by performing an Ino¨nu¨-Wigner contraction of the relativistic
conformal group. Since the relativistic Lagrangian we started from is conformally invariant
when restricted to flat space, it is not surprising to see that the non-relativistic limit is
invariant under Galilean conformal symmetry.
4.4 Spin-3/2
Like in the spin-1/2 case, the simplest way to obtain a Lagrangian for a massless vector-spinor
is to start with the Lagrangian of a relativistic, massless Majorana vector-spinor,
E−1Lrel = Ψ¯µγµνρDνΨρ , (63)
where the (anti-symmetrized) covariant derivative is given by
D[µΨν] = ∂[µΨν] −
1
4
Ω[µ
ABγABΨν] . (64)
The ω →∞ limit of this Lagrangian is well-defined and leads to
e−1Lnon−rel = eµaeνbeρc Ψ¯µγabcD˜νΨρ , (65)
where the (anti-symmetrized) covariant derivative of the non-relativistic vector-spinor is
D˜[µΨν] = ∂[µΨν] −
1
4
ω[µ
abγabΨν] . (66)
Another formulation with a vector-spinor that transforms non-trivially under boosts can be
obtained by taking the m → 0 limit of eqs. (42)–(44). Like in the massive case we would
then work with Dirac spinors that have an extra global U(1) symmetry which, however, we
do not gauge by coupling to Mµ.
5 Summary and Outlook
In this paper, we have shown how non-relativistic Lagrangians for free massive and massless
dynamical fields of spins 0 up to 3/2 coupled to arbitrary torsionless Newton-Cartan back-
grounds can be obtained from their relativistic counterparts. We have done so by extending
the procedure developed in [19], by which non-relativistic Newton-Cartan backgrounds are
derived from arbitrary relativistic ones via an Ino¨nu¨-Wigner-like contraction, to include dy-
namical fields. The relativistic backgrounds of [19] include a curl-free U(1) gauge field Mµ,
needed to make the contraction procedure well-defined. In the present paper, this field ac-
quires extra significance when considering massive fields, that are necessarily complex. In
those cases, the relativistic theory one starts from includes not only gravitational minimal
couplings but also minimal couplings to Mµ that gauge the U(1) symmetry associated to
the conservation of the number of particles minus the number of antiparticles. Starting from
this, the contraction yields the correct couplings to the central charge gauge field mµ of
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the Newton-Cartan background, whose role is to gauge the symmetry associated to particle
number conservation.
Although related results for massive spin-0 and spin-1/2 fields have already appeared in
the literature [25–27], here we have re-derived these by extending the method of [19] and we
have shown that in this way similar results can be obtained for massive fields of all spins up
to 3/2, in a uniform and straightforward manner. Even though we have mostly restricted
ourselves to free fields, it is in principle rather straightforward to include interactions (as we
have for instance done in the massive spin-1/2 case). Our procedure can moreover also be
straightforwardly applied to massless fields. Starting from relativistic Lagrangians for single
massless real fields of a certain spin, one typically ends up with fields that obey equations
that can be viewed as curved space generalizations of the Poisson equation. By adopting
a less restrictive starting point that includes multiple real fields, it is possible to obtain
more interesting massless non-relativistic theories, such as Galilean Electromagnetism in the
magnetic limit [32] in the spin-1 case.
Finally, let us mention some interesting generalizations and directions for future research.
As we have mentioned in the massless spin-1 case, our contraction procedure leads to mass-
less field theories that exhibit Galilean conformal invariance, upon restriction to flat space.
In view of the significance of the Galilean conformal group in attempts to formulate a holo-
graphic correspondence in asymptotically flat space-times [35,36], it would be interesting to
see whether the method described here can be used to obtain non-trivial, interacting Galilean
conformal field theories. In this paper, we have restricted ourselves to field theories coupled
to non-dynamical Newton-Cartan backgrounds. It would be interesting to see how dynam-
ical Newton-Cartan gravity can be included. Since the results described here hold only for
minimally coupled field theories, it could be of interest to also explore whether non-minimal
couplings of fields to Newton-Cartan backgrounds can be obtained in a similar manner. Our
limiting procedure gives rise to non-relativistic field theories coupled to torsionless back-
grounds. The recipe to couple to torsionfull backgrounds instead would be in a first step
to generalize the Newton-Cartan background fields here to those of the Schro¨dinger theory,
see [18], and gauge fixing dilations afterwards. This leads to non-relativistic field theories
coupled to twistless torsional Newton-Cartan backgrounds. Finally, in view of recent devel-
opments in supergravity versions of Newton-Cartan gravity [17, 19, 31], it is interesting to
generalize the results of this paper to non-relativistic supersymmetric theories coupled to
Newton-Cartan supergravity backgrounds. These results could then be useful for discussing
matter coupled Newton-Cartan supergravity theories, see [24], and supersymmetric local-
ization for non-relativistic theories, see also [37]. We hope to report on these issues in the
future.
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